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GENERAL SERIES IDENTITIES, SOME ADDITIVE THEOREMS ON
HYPERGEOMETRIC FUNCTIONS AND THEIR APPLICATIONS
MOHAMMAD IDRIS QURESHI, SAIMA JABEE AND MOHD SHADAB∗
Abstract. Motivated by the substantial development of the special functions, we con-
tribute to establish some rigorous results on the general series identities with bounded
sequences and hypergeometric functions with different arguments, which are generally
applicable in nature. For the application purpose, we apply our results to some func-
tions e.g. Trigonometric functions, Elliptic integrals, Dilogarithmic function, Error
function, Incomplete gamma function, and many other special functions.
1. Introduction, Preliminaries and Notations
In present paper, we shall use the following standard notations:
N := {1, 2, 3, . . .},
N0 := {0, 1, 2, 3, . . .} = N ∪ {0},
Z
−
0 := {0,−1,−2,−3, . . .},
Z
− := {−1,−2,−3, . . .} = Z−0 \{0}, and
Z = Z−0 ∪N.
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, R+
denotes the set of positive real numbers and C denotes the set of complex numbers.
The Pochhammer symbol (or the shifted factorial) (λ)ν (λ, ν ∈ C) is defined in terms of
the familiar Gamma function, by
(λ)ν :=
Γ(λ+ ν)
Γ(λ)
=


1 ; (ν = 0; λ ∈ C\{0})
λ(λ+ 1) . . . (λ+ n− 1) ; (ν = n ∈ N; λ ∈ C\Z−0 )
(−1)nk!
(k−n)! ; (λ = −k; ν = n; n, k ∈ N0; 0 ≤ n ≤ k)
0 ; (λ = −k; ν = n; n, k ∈ N0; n > k)
(−1)n
(1−λ)n
; (ν = −n;n ∈ N; λ 6= 0,±1,±2, . . .),
(1.1)
it being understood conventionally that (0)0 = 1, and assumed tacitly that the Gamma
quotient exists.
In the Gaussian hypergeometric series 2F1(a, b; c; z), there are two numerator parameters
a, b and one denominator parameter c. A natural generalization of this series is accom-
plished by introducing any arbitrary number of numerator and denominator parameters.
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The non-terminating hypergeometric series [9, p.42-43]
pFq
[
α1, . . . , αp;
β1, . . . , βq;
z
]
=
∞∑
n=0
(α1)n . . . (αp)n
(β1)n . . . (βq)n
zn
n!
, (1.2)
is known as the generalized Gauss and Kummer series, or simply, the generalized hyperge-
ometric series. Here p and q are positive integers or zero (interpreting an empty product
as unity), and we assume that the variable z, the numerator parameters α1, . . . , αp and
the denominator parameters β1, . . . , βq take on complex values, provided that
βj 6= 0,−1,−2, . . . ; j = 1, . . . , q. (1.3)
Convergence conditions [9, p.43] for generalized hypergeometric function are as follows:
Suppose that none of the numerator parameters is zero or a negative integer (otherwise
the question of convergence will not arise), and with the usual restriction (1.3), the pFq
series in the definition (1.2)
(i) converges for |z| <∞, if p ≦ q,
(ii) converges for |z| < 1, if p = q + 1.
Furthermore, if we denote
ω =
q∑
j=1
βj −
p∑
j=1
αj,
it is known that the pFq series, with p = q + 1, is
(a) absolutely convergent for |z| = 1, if ℜ(ω) > 0,
(b) conditionally convergent for |z| = 1, z 6= 1, if −1 < ℜ(ω) ≦ 0.
The Fox-Wright psi function of one variable ([3, p.389]; see also [4, 10, 11]) is given by
pΨq
[
(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);
z
]
=
∞∑
n=0
Γ(α1 +A1n) . . .Γ(αp +Apn)
Γ(β1 +B1n) . . .Γ(βq +Bqn)
zn
n!
=
Γ(α1) . . .Γ(αp)
Γ(β1) . . .Γ(βq)
∞∑
n=0
(α1)nA1 . . . (αp)nAp
(β1)nB1 . . . (βq)nBq
zn
n!
,
(1.4)
pΨq
[
(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq , Bq);
z
]
=
Γ(α1) . . .Γ(αp)
Γ(β1) . . .Γ(βq)
pΨ
∗
q
[
(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);
z
]
,
(1.5)
pΨq
[
(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);
z
]
=
1
2piρ
∫
L
Γ(ζ)
p∏
i=1
Γ(αi −Aiζ)
q∏
j=1
Γ(βj −Bjζ)
(−z)−ζdζ, (1.6)
where ρ2 = −1, z ∈ C; parameters αi, βj ∈ C; coefficients Ai, Bj ∈ R = (−∞,+∞)
in case of series (1.4) (or Ai, Bj ∈ R+ = (0,+∞) in case of contour integral (1.6)),
Ai 6= 0 (i = 1, 2, ..., p), Bj 6= 0 (j = 1, 2, ..., q). In equation (1.4), the parameters αi, βj
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and coefficients Ai, Bj are adjusted in such a way that the product of Gamma functions
in numerator and denominator should be well defined [1, 2].
∆∗ =

 q∑
j=1
Bj −
p∑
i=1
Ai

 , (1.7)
δ∗ =
(
p∏
i=1
|Ai|−Ai
) q∏
j=1
|Bj |Bj

 , (1.8)
µ∗ =
q∑
j=1
βj −
p∑
i=1
αi +
(
p− q
2
)
, (1.9)
and
σ∗ = (1 +A1 + ...+Ap)− (B1 + ...+Bq) = 1−∆∗. (1.10)
Case(I): When contour (L) is a left loop beginning and ending at −∞, then pΨq given
by (1.4) or (1.6) holds the following convergence conditions
i) When ∆∗ > −1, 0 < |z| <∞, z 6= 0,
ii) When ∆∗ = −1, 0 < |z| < δ∗,
iii)When ∆∗ = −1, |z| = δ∗, and ℜ(µ∗) > 12 .
Case(II): When contour (L) is a right loop beginning and ending at +∞, then pΨq given
by (1.4) or (1.6) holds the following convergence conditions
i) When ∆∗ < −1, 0 < |z| <∞, z 6= 0,
ii) When ∆∗ = −1, |z| > δ∗,
iii)When ∆∗ = −1, |z| = δ∗, and ℜ(µ∗) > 12 .
Case(III): When contour (L) is starting from γ − i∞ and ending at γ + i∞, where
γ ∈ R = (−∞,+∞), then pΨq is also convergent under the following conditions
i) When σ∗ > 0, | arg(−z)| < pi2σ∗, 0 < |z| <∞, z 6= 0,
ii) When σ∗ = 0, arg(−z) = 0, 0 < |z| <∞, z 6= 0 such that − γ∆∗ + ℜ(µ∗) > 12 + γ,
iii)When γ = 0, σ∗ = 0, arg(−z) = 0, 0 < |z| <∞, z 6= 0 such that ,ℜ(µ∗) > 12 .
Next we collect some results that we will need in the sequel.
Identity 1. Let
α = exp
(
2pii
5
)
, i =
√
(−1)
and r being non-negative integer, then
1 + α2r + α4r + α6r + α8r =


5;
0;
r ∈ {0, 5, 10, 15, 20, . . . }
r ∈ {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, . . . }.
(1.11)
Identity 2. Let
α = exp
(
2pii
5
)
, i =
√
(−1)
